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Diffusion-Limited Chemical Reactions in a Turbulent
Shear Layer

Irwin E. Alber* and Richard G. Battt
TRW Systems Group, Redondo Beach, Calif.

A probability density function (pdf) model is developed to analyze the effects of turbulent mixing on two dif-
fusion-limited chemically reacting shear flow problems: 1) the dissociation of cold dilute N2O4 within a shear
layer mixing with warm room air, N2O4 + N2-2NO2 +N2 ; and 2) the isothermal turbulent diffusion flame
formed by the reaction A+B—C of initially unmixed reactants A and B brought together in a turbulent shear
layer. Measured temperature probability density functions across the free mixing layer indicate that ap-
proximately the mid-50% of the shear layer is fully turbulent and nearly Gaussian in its statistics. By assuming
such a single variate normal pdf for the equivalent inert species mixing field, the ensemble average and rms fluc-
tuation levels of the products of the chemical reactions are calculated readily by a simple quadrature. The mean
and variance of the pdf are calculated from shear layer similarity solutions for mean temperature T and mean
square temperature i*. Comparisons of the theory are made with the NO2 data for the first-order dissociation
problem.
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Subscripts
1,2 = denotes high- and low-speed edges of shear

layer, respectively
oo = freestream conditions^^ =Al3 B^=B2

I. Introduction

A WIDE variety of chemically reacting flow prob-
lems, currently under study by engineers, require the

prediction of the mean and fluctuating species concentrations
that result from chemical reactions taking place in turbulent
shear layers. It can be shown that applying theories for first-
and second-order chemical reactions, which have been
developed for steady laminar flow problems, can lead to an
overestimate of the amount of the reaction product flux for
the turbulent case of initially unmixed reactants. The physical
reason lies with the continuous random movement of the reac-
tion zones in turbulent flow, as opposed to their stationary
behavior in laminar flows.

This paper seeks to develop a simplified statistical model
for the effects of inhomogeneous turbulent mixing on a
chemically reacting flow by examining two prototype
problems: 1) first-order reaction: the dissociation of highly
diluted cold nitrogen tetroxide (N2O4) within a turbulent free
shear layer mixing with quiescent room temperature ambient
air (Fig. la), N2O4 + N2^2NO2 +N2; and 2) second-order
reaction: the turbulent diffusion flame formed by the reaction
of initally highly diluted unmixed reactants A and B, which
are brought together in a turbulent shear layer to form the
product C by the one-step reaction (Fig. Ib), A + B—C.

For all of the problems under study, the reactions are
assumed diffusion-limited, i.e., the reaction time is much less
than the turbulent diffusion time rD (TC<TD). For many reac-
tions and flow conditions of interest, this assumption is quite
valid. For example, this was the case in the N2O4 dissociation
mixing layer experiments of Batt,! where, as will be shown,
TC/TD<0.01. Hofland and Mirels2 also have shown that the
diffusion-limited assumption can be applied to the analysis of
HF chemical lasers with dilute oxidizer flows.

The general method of solution adopted in this study for
such diffusion-limited reactions can be termed to be a form of
the turbulent ensemble or probability density approach. The
present paper (edited from Ref. 3) is unique in that the en-
semble analysis for the first time has been used to study a par-
ticular turbulent reaction flow (problem 1) for which com-
plete detailed measurements of the fluctuating chemical
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system are available. In addition to the present analysis,
several similar statistical models have been developed by other
researchers and applied to various types of reactive turbulence
problems. 4~7

All of these statistical theories either utilize a model
equation for the local probability density function (pdf) or
generate one from a local Gaussian hypothesis. The pdf form
used in this study for the shear layer problem is discussed in
Sec. II. The first-order N2O4 dissociation problem then is
analyzed, using the pdf model, in Sec. III. For this first-order
problem, it is assumed that the reactions are very fast (dif-
fusion-limited) and hence that an ensemble of tem-
perature — N2O4 eddies still exists with a local equilibrium
composition. The same basic analysis then is applied to the
isothermal second-order chemical shear layer problem in Sec.
IV. (see Fig. Ib), but the temperature probability distribution
function is replaced with one for the equivalent inert species

II. Scalar Statistical Properties of
Unreacting Shear Layers

Recently, Libby7 used the probability density function
(pdf) approach to study the two-dimensional mixing of two
streams, each with one reactant present. He stressed the im-
portance of turbulent intermittency 12 in determining the
shape of the pdf profile at different locations within the shear
flow. By examining pdf data taken from measurements of the
temperature within the wake of a heated cylinder, Libby has
shown that, although the pdf is Gaussian on the wake Gen-*
terline, highly skewed pdf are more typical off centerline in
regions where 12<1, i.e., where the interface structure con-
tributes significantly to the scalar statistics. He used this wake
pdf as a qualitative guide in developing several models for the
pdf profiles for the reacting shear layer problem.

In Batt's shear layer studies, l he performed a series of hot-
wire measurements of the scalar temperature field at different
locations across the shear layer. His data on temperature
pdf's across the shear layer (Fig. 2) indicate that a broad
domain (approximately the mid-50% of the shear layer) is
fully turbulent (Q — 1 .0 within a measurement uncertainty of
0.05) and nearly Gaussian in its statistics. The data do reveal a
more one-sided pdf near the intermittent jet boundaries.
These shear layer results contrast markedly with the relatively
small fully turbulent domain (fl = 1) in the wake of a cylinder.
In addition, Batt's data show a significant difference between
the statistical averages for the temperature and velocity fields.
These quantities must be known accurately, particularly for
the scalar field, in order to describe the scalar pdf in the fully
turbulent zone. In regions where Or = 0(l),t it will henceforth

yu
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T2 » 307 *K

a> ROOM AIR
Fig. la First-order reaction turbulent mixing problem, dissociation

AVG. FLAME SHEET

Fig. Ib Second-order reaction turbulent mixing problem, A + B^ C.

Fig. 2 Measured temperature probability density profiles at different
locations across the shear layer. (+ =mean temperature, A = standard
deviation).1

be assumed that the pdf can be written simply in terms of its
local mean and variance using the Gaussian formula

f ( T ) = [7/(2irof) *]exp [ - (T-T)2/2o2
T] (1)

where

An earlier version of this paper3 included an analysis of the
mean and fluctuating properties of unreacting turbulent shear
layers. Model equations developed for the turbulent_kinetic
energy and mean square fluctuating temperature T' 2, when
solved in conjunction with the mean energy equation for T,
provided the parameters needed in the Gaussian formula, Eq.
(1). Direct comparisons with the temperature data verified the
adequacy of the scalar model. The principal conclusions to be
drawn from these scalar calculations are the following: 1) The
mean temperature profile is nearly linear across the jet (see
Fig. 2). 2) The rms temperature profile shows a plateau level
of approximately 14 to 15% in the mid-3/4 of the shear layer,
dropping off fairly rapidly to zero at the edges. §

This passive scalar information now can be used as input
data for the Gaussian probability formula, Eq. (1), which will
be employed in the calculations of the diffusion-limited reac-
ting flow systems presented in Sec. III. and IV.

III. First-Order Dissociation Reaction
The model diffusion-limited reactive flow problem (Fig.

la), to be solved in this section by the pdf analysis, is the
dissociation and recombination within a turbulent shear layer
of highly diluted nitrogen tetroxide, which follows the
chemical reaction

(2)

The [N2O4] is injected in small concentrations into a high-
speed stream of cooled air at temperature TI(~252K) before
entering the mixing layer. In the cool freestream, the [N2O4]
dissociates a small amount, forming an ambient level of
[NO2] in the air carrier gas, the degree of dissociation a}
being ori the order of 37% for Tl =252K. The degree of
dissociation is defined as

a=l-
[N204]
[N204] f l

= J/2
[N02]

(3)

^"When it is stated that ft = 0(1), we refer to an intermittency based
only on the measured temperature signal.

_§The experimental data of Batt1 indicates a slight double peak in
T'2 (c.f. Fig. 6) not predicted in the calculations of Ref. 3.
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In Eq. (3), [N2O4] a is the total amount of [N2O4] available
for reaction and is defined by the relation

[N204] f l=[N204] + 1/2[N02] (4)

As will be shown, [N2O4] f l is a reaction invariant and
depends only on the turbulent transport properties.

A. Species Conservation Equation
The governing conservation equations for the molar con-

centrations [N2O4] and [NO2] for the mixing layer with
dissociation-recombination reactions are

at - + — (fi[N204 l)

= -co+ A [D.dy L
d_ pn 3[N204]
3^

(5)

A
fr

A [D 9tNQ2] 1
9v L 3y . J

(6)

where co= rate of dissociation minus the rate of recom-
bination, units of moles per square centimeter-second:

[N2 (7)

where

kD -rate constant for dissociation = 2 x 107 exp(-5550/r)
cm3 /(mole-sec)8

kR - recombination rate constant = 1.64x 1010 T exp(1200/
r)cm6/(mole2/sec)

By adding one-half of Eq. (5) to Eq. (6), one obtains the
governing equation for the reaction invariant [N2O4]a,
defined by Eq. (4)

~ (w[N204]J + ~ .(0[N204]a)ox dy

dy dy (8)

Note that Eq. (8) does not contain the production term o>.
Rewriting Eq. (8) in terms of the mole fraction Xa, =

[N 2O 4 ] f l / [N 2 ] , and then performing the usual turbulent
time averages, one finds the following diffusion equation for
the mean mole fraction Xa

dXa

ox
dXa

dy = - r^^-p^7^) ip L dy J (9)

The density fluctuation terms v'p', X^'^7 have been neglect-
ed in Eq. (9) (for low-speed flows) compared to the turbulent
diffusion flux term p(v'X'a). Equation (9) is identical to the
mean energy equation for mean temperature f if one makes
the following assumptions: 1) dp/dy terms are small com-
pared to d/dy (v'X'^across the shear layer, 2) molecular dif-
fusions are small compared to those for turbulent diffusion,
and 3) the turbulent Schmidt and Prandtl numbers are the
same (unity turbulent Lewis number). Equation (8) is, in fact,
identical to the instantaneous thermal transport equation un-

der assumptions 1 and 2. Hence, the shear layer normalized
solutions for temperature and mole fraction can be equated

(10)

B. Time Scales for Species Chances

Chemical nonequilibrium effects will be important in the
solution of Eqs. (5) and (6), provided that the characteristic
time scale TC for concentration changes due to chemical reac-
tions is of the order of the time scale TD for turbulent dif-
fusion of the dominant eddies. Characteristic time scales for
chemical dissociation and recombination, based on an
average temperature of 265K, are quite small, of the order of
10'4 sec. The time scale associated with turbulent diffusion
based on integral scale size eddies, T£> = A / M / , «0.05 sec
(A = integral scale of turbulence), is more than two orders of
magnitude larger than the characteristic time for dissociation
or recombination, rc. It is only when one examines the time
scales associated with the smallest scale eddies, those charac-
teristic of turbulent dissipation, that there appears any
possibility for nonequilibrium effects under conditions
corresponding to Batt ' s experiments . t

C. Quasi-equilibrium Results

Since TC < TD, one can assume that the eddy constituents un-
dergo forward and backward reactions so rapidly that they
are in a state of local equilibrium; the local equilibrium NO2
mole fraction is given by

(ID

where

ai = (T2-T)/(T2-T1)

The measured equilibrium constant for N2O4^2NO2 is,
from Bodenstein and Boes,9

- (6747/7)] atm.

NO2 mole fraction, plotted as a function of temperature, is
presented in Fig. 3 for the Tl = 252K case and for a range of
lower freestream temperatures. In Fig. 3, the solid lines
denote shear layer profiles of the mean NO2 mole fraction,
calculated from Eq. (11), using the local mean temperature T.
One notes that the magnitude of the peak in the local [NO2]
concentration increases (relative to its freestream value) as the
freestream temperature Tl decreases. The calculation for the
case r, = 220K** shows a peak in [NO2] mole fraction more j

than five times its freestream value. As noted previously, the
NO2 concentration falls rapidly from this peak as (T—Tj)/
( T2 — Tj ) — • 1 , because of the continual decrease in the
available N2O4 in regions where the degree of dissociation a.
is near unity (i.e., on the high-temperature side of the jet). For
the case T7=252K, where Batt made his [NO2] measure-
ments, the peak [NO2] ratio, based on the local mean tem-
perature, is approximately 1.3 times the freestream value,
i[N02]//N2Jh.

The local ensemble, or time-averaged concentration of
NO2, defined as <NO 2>, will not have as large a peak as one
would calculate based on shear layer mean temperature
properties. This reduction in the peak can be explained by the
following argument. Consider that one is viewing the
chemical concentrations of the eddies passing a given point
near the region where [NO2] (T) is a maximum. At this
location, one will see eddies with temperatures near the mean,

^ The midjet integral scale of the moving frame autocorrelation for
temperature measured by Batt1 is approximately 0.045 sec (ul =23
fps); for velocity it is 0.03 sec.

**This case, T1 =220K, may not be physically realizable as con-
densation effects become important at these low temperatures.
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colder than the mean, and warmer than the local mean. Those
whose temperatues differ significantly from the mean will
have NO2 concentrations below the peak value, whether they
are hot or cold. Hence, when one forms averages based on all
of the possible eddy temperature states passing a given point,
the peak ensemble average will, of necessity, be decreased
over what it would be based on the local mean temperature.

Such an ensemble mean, < [NO2/[N2] >, can be calculated
readily from the following equation for the first concentration
moment of the probability density function/(7)

[N02]
[N2] > = r

J -o

[N02]
[N2]

(T) -f(T)dT (12)tf

In the preceding integral, [NO2] /[N2] is given as a function
of temperature by Eq. (11). As a first estimate for the form of
the probability density function to be used in Eq. (12), it is
assumed that/(7) is given by the Gaussian formula, Eq. (1).
Numerical calculations of Eq. (12), using the calculated values
of T'2 from Ref. 3, have been carried out for a range of
freestream temperatures Tl. The resultant NO2 profiles are
shown in Fig. 3 as the dashed lines. It is seen that the peak
values of NO2 are reduced from the mean calculations by
about 15% at the lower Tl conditions (T{ = 220K) but only
about 5% at the Tl =252K experimental condition. The small
reduction at the T{ = 252K condition is due to the very flat
profile for NO2(7) near the high-speed side of the jet. Thus,
for T1 =252K, most eddies, near the peak, have much the
same concentration of [NO2], even though they have con-
siderably different temperatures. The results are more evident
in Fig. 4, where both the mean and ensemble analysis are
shown in comparison with Batt's mean NO2 data. These
NO2 data were obtained with the use of a small fiber optics
probe positioned at different points in the flow. The un-
certainty in the data is between 10 and 15%. The agreement
between the ensemble average calculation and the data is fair,
but the comparison is not conclusive as to the significance of
the ensemble average procedure.

A much more definitive demonstration of the power and
simplicity of the ensemble technique_i^the_jcalculation of the
rms concentration fluctuation, ([NO2] '2 )V 2 . This con-
centration intensity is calculated readily from the second
moment of the concentration distribution.

The calculated profiles of rms concentration across the jet
are shown in Fig. 5 for several values of the freestream tem-
perature, and in Fig. 6 comparisons between the theoretical
results and Batt's rms concentration data are displayed for the
particular case T{ =252K. One can see immediately from
Figs. 5 and 6 the very large concentration intensities that
develop within the shear layer, values ranging from 30% to
more than 100% of the freestream concentration. These rms
concentration levels are considerably greater than the
corresponding scalar intensities for temperature
(T'2)V2(=^\5%) and increase in magnitude with decreasing
freestream temperature Tlt The agreement between theory
and data as to the magnitude and form of the concentration
intensity profiles (Fig. 6) is quite good over most of the jet,
with some disagreement near the low-speed edge, where
[NO2] ' peaks. The measured rms level at this point is about
40%, whereas the calculated value is approximately 30%.

IV. Second-Order Chemical Reactions

In this section, the model problem to be investigated with
the ensemble average approach is the mixing and reaction of
dilute reactants A and B to form the product C in an in-
compressible isothermal turbulent shear layer, as shown in
Fig. Ib. The reaction between the two species again is
assumed diffusion-limited, i.e., TC/TD<\, and follows the

——— [N02] (T)
EQUILIBRIUM CALC

.2 _ .4 .6 .8
(¥-T,)/(T2-T,)

Fig. 3 Calculated mean mole fraction of NO 2.
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Fig. 4 Mean mole fraction profiles of NO2. Comparison of mean
equilibrium and ensemble average theory with Batt data (Tj - 252K).

one-step relation

A + B - C (13)

A. Species Conservation Equations

The governing conservation equations for the molecular
concentration A= [A]., B=[B], and C=[C] for the in-
compressible layer are

(DA/Dt)-DAV2A = ~u

(DB/Dt) -DBV2B= -co

(DC/Dt)-DcV2C = u

(14)

(15)

(16)

where co = chemical reaction ra.te = k(A*B); k = reaction rate
constant; D/Dt = substantive derivative = d/d£ + «- V; DA,
DB, Z)c=molecular diffusivities of each constituent. It is
shown readily for equal diffusivities (or when laminar effects
are negligible) that one can obtain a reaction-invariant
solution of Eqs. (14-16) for the variables

X=A-B
has proposed a similar expression for equilibrium tur-

bulent diffusion flames.

(17)

(18)
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Fig. 5 Calculated NO2 mole fraction intensity profiles for various
freestream temperatures Tj.

Fig. 6 NO2 intensity profiles. Comparison of probability theory
with data of Batt (T} - 252K). Also includes measured temperature in-
tensity profiles.

Each of the variables X and ^ thus satisfies a scalar diffusion
equation of the form given by Eq. (8) for [N2O4] a. Since the
governing diffusion equations for X and \l/ are independent of
the reaction rate co, their solutions depend only on the
statistics of the turbulent velocity field. Alternate
measurements of the statistics of equivalent scalar quantities,
such as temperature, also provide a representation of the
solutions for X and ^.

The time or ensemble-average solutions for X and ^ in a
turbulent shear layer are represented analytically by

(19)

As noted in Sec. II., 0(ry) is nearly linear across the shear
layer and hence can be written in the following form:

1.6-17) /3.O. (20)

B. Diffusion-Limited Reaction

To determine the reactants A and B and the product C from
the solutions for \l/ and X requires either a solution of Eq. (14)
or an assumption concerning the behavior of the individual
constituents A and B. For the limiting case of an infinitely fast
reaction, one can show that, at points in the flow where A
exists, 5 = 0, and where B exists A = 0, so that no reactions oc-
cur except at the interfaces between A and B, i.e., in reaction
zones with molecular dimensions.

Following O'Brien,4 since,4 >B, £>0, andAB-0 for very
rapid reactions, the physical statement that if A>0, B = Q,
and if B>0, A =0 leads to the following relations among A,
B, andX:

(21)

(22)

A=X B=0

ifX<0, A=0 B=-X

In terms of i/s since C=\l/—A, one finds that

ifX>0, C=\l/-X

ifX<0, C=^ (23)

Note that the ensemble average of the reaction product <C> is
determined directly from the solution for the ensemble
average for the reactant A by

(24)

(25)

The ensemble average {A} is determined readily from the
integral expressing the conditional (X>0) expected value for
X:

Similarly, for the reactant B,

<A)=\°° A(X)f(X)dX=[°Xf(X)dX
J -00 JO

(26)

In Eq. (26), use has been made of the diffusion-limited con-
ditions given by Eqs. (21) and (22).

The pdf, f(X), which adequately represents the passive
scalar mixing process throughout the midportion of the free
shear layer, again is assumed to be Gaussian, i.e.,

exp[-(X-X)2/2a2
x] (27)

where X={X} and ax= variance of X=(X'2}. Note that
Eq. (26) is valid for diffusion-limited flows regardless of the
form chosen for the pdf. The rms intensity ox can be ex-
pressed in terms of a relative intensity based on the overall
scalar potential (Xmax -Xm[n) by

V2/(Xmax-Xmin)] (Xmax-Xmin)

(28)

The relative intensity o^ is equivalent to the nondimensional
rms temperature intensity (T'2)y*/(T1-T2). As noted
previously, a^ is nearly constant across the central regions of
the jet, (j^-0.15.

If one neglects boundary effects and evaluates the integral
of Eq. (26) using Eqs.(27) and (28), then one obtains the
following simple closed-form expression for the ensemble
average of the reactant A

2ai[l+(B00/A00)]2

Bn

(29)
exp

Specific ensemble average profiles for (A}/A<X>,
and <C>M00 have been calculated from Eq. (29) (with c^
= 0.15) and are shown plotted in Figs. 7 and 8. Each figure
presents results corresponding to a different mixture ratio
#oo/;4 oo ( = 1>4) and compares the ensemble-average solutions
(solid lines) with results that one would obtain with an
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equivalent laminar flame** sheet model. Note the rounded
peak in the < C> profile which moves to the A .side of the jet
when B00/A00>\, and to the B side when B00/A00<\. For
mixture ratios much different from unity, the flame sheet
location may be close to the jet boundaries, in which case the
Gaussian pdf model is no longer valid.

The equivalent laminar flame sheet model predicts a
maximum value of C at the average flame sheet location X=0
given by

•ĉmax (30)

The equivalent laminar solution for A, presented in Figs. 7
and 8, requires that A decrease linearly from its freestream
value v4oo(at 77 = 1.4) and vanish at the average flame sheet
location,

(31)

The ensemble average solution for <C> shows a marked
reduction and broadening of the <C> profile, in the region
near the average flame sheet location rjF, when compared to
the equivalent laminar solution. The peak ensemble average
for C at rjF is given simply by

" • " fA^_ (32)

For (7^=0.15 and B^/A^^l, Eqs. (20) and (32) show a
maximum 24% reduction in <C> from that given by the
equivalent laminar solution, Eq. (30). For a B "rich" flow,
#00MOB =4, the reduction is 37%. The net flux of <C> given
by

-r
MO -* r [A]

J -oo L W j J
<O

<0ma
(33)

will be reduced by approximately 5% [for B^/A ^ = 1 ] from
the levels predicted by the equivalent laminar solution. The
reduction in <C> increases in magnitude for non-
stoichiometric conditions [B^/A^-^co or B^/A^-^0]. For
higher fluctuation levels in the passive species intensity a^, the
maximum level of < C> will be reduced further.

The preceding results must be kept in mind if one seeks to
improve the output of a chemical laser by increasing the tur-
bulent mixing in the reactive jet by some artificial means (such
as a wire trip). For if, in the process of increasing the
spreading rate [lowering ou in Eq. (33)], the large-scale fluc-
tuations generated by the external source introduce greater
rms fluctuations in the passive species [increasing a^ in Eq.
(32)], then part of the benefit of a greater overall spreading
rate will be lost because of the reduction in the amount of < C>
resulting from the turbulent inhomogerieities induced in the
reacting species field.

Not only does the ensemble average for C differ signif-
icantly from the equivalent laminar flame sheet solution, but
so do the ensemble averages for the reactants A and B (see
Figs. 7 and 8). <^4>, instead of vanishing at the average flame
sheet location r]Ft is seen to extend below TJF, tapering off
gradually to zero in the region where the ensemble average
value of {B} is nonzero. The effective turbulent diffusion
flame thus has a thickness approximately one-third the scale
of the shear layer width centered near rjF. This effective
broadening of the reaction zone for turbulent diffusion

terminology "equivalent laminar flame" refers to a mixing
layer with a spreading rate equal to that of a turbulent layer, but with
no species fluctuations, i.e., a^ = 0.

— — EQUIVALENT LAMINAR SOLN

———PDF SOLN

.<C>-I..-T-^H
-1.2 -8 -.4 0 .4 .8 1.2 1.6

i?u» -̂ - DISTANCE ACROSS JET

Fig. 7 Ensemble average of reactants and products (B& IA ̂  — 1),
(^=0.15.

-1.6-1.4-1.2-1.0-.8 -.6 -.4 -.2 0 .2 .4 .6 .8 1.0 1.2 1.4 1.6 1.8
ay DISTANCE ACROSS JET

Fig. 8 Ensemble average of reactants and products (B^ IA c
^=0.15.

= 4),

<c'2>
.16

v.l4.

1/2
PDF THEORY

-APPROXIMATE

/2

DISTANCE ACROSS JET i) * -J-

Fig. 9 Root-mean-square products fluctuation levels < C" 2 > Vi//4
(Boo 7^00=1),^ =0.15.

flames has been seen previously in the measurements of
Hawthorne et al.11

An additional measure of the effect of the scalar turbulence
level on the reacting flowfield is the rms fluctuation levels of
the product of reaction, i.e., < C / 2 > . Fluctuations in C may
affect the quality of a chemical laser output signal. < C ' 2 > is
calculated from the following expressions related to the
second moment of C

<C'2>=<C2>-<C>2

where

(34)

(35)

In Eq. (35), the terms <^ / 2 >=a^4i and <^> 2 all are
evaluated readily from the properties of the scalar field. (A2}
is determined from the second moment of the distribution
function

<A2y=\°°X2f(X)dX
J0

(36)
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The cross-correlation term < if/A > is defined as

(37)

To evaluate Eq. (37), an assumption must be made about the
relationship between instantaneous local values of the scalars
^ and X. It is assumed that the relation between \fr and X is
identical to that of their means, or

(38)

This assumption is completely true only if the molecular dif-
fusivities of the system are equal.

A plot of < C / 2 > calculated from Eq. (34) is presented in,
Fig. 9 for the case B^/A «, = 1. It is seen that the intensities of
the C fluctuations are a minimum at the center of the reaction
zone, the magnitude at this location being

(39)

or

Away from the reaction zone, the fluctuations in C
approach the fluctuation levels for the passive species, i.e.,
<C"2>jl±00 — (fy. As shown in Ref. 3, one finds that the
passive species fluctuation levels drop rapidly to zero at the
outer edges of the jet. This edge effect on the C profile is in-
dicated by the dashed lines in Fig. 9. Thus, for the case
#00MO, =1, the overall <C" 2> y 2 profile is predicted to be
double-humped, with the peak levels occuring near the upper
and lower boundaries of the shear layer. Whether this fluc-
tuation level distribution is evidenced in chemical laser or
other diffusion flame measurements awaits further in-
vestigation.

V. Conclusions

By postulating a single variate normal distribution for the
probability density function of the passive field, with mean
and variance given by the scalar analysis, simple integral ex-
pressions were derived for the mean and rms fluctuation levels
of the products of chemical reactions. The principal con-
clusions for N2O4 + N2 ̂  2NO2 + N2 are as follows:

1) For primary stream temperatures near r/«252K, the
ratio of chemical to turbulent diffusion times is very small, rc
/7£><0.01. Hence, one can assume that nearly all size eddies
in the flow are in a state of local chemical equilibrium.

2) A local equilibrium model, based on the mean tem-
perature (T) only, can lead to an overestimate of the peak con-
centration of mean NO2 (of from 5 to 15%) compared to the
results of the ensemble average theory, <NO2>, which ac-
counts for the statistical behavior of the random equilibrium
eddies. The ensemble mean results are in reasonable agree-
ment with Batt's daiTa for NO2.

3) Calculated profiles of (NO^2) V 2 /[NO2] , indicate very
large intensities, Ranging from 30 to 100% as primary tem-
peratures Tl decrease from 252 to 220 K. The pdf calculated
intensity results for the Tl=252 K case are in substantial

agreement with Batt's data and with a local equilibrium
calculation using direct temperature time traces.

For A+B^C, these conclusions are reached:
1) Unlike laminar flame sheet theory, a wide turbulent dif-

fusion flame is formed centered near the average flame
location, having a thickness approximately one-third the scale
of the shear layer width, with the ensemble average of {A}
being nonzero in regions where <J5> is nonzero, and vice ver-
sa.

2) The peak ensemble averages for the product of reaction
< C> are reduced on the order of 20 to 40% (depending on the
mixture ratio B^ IA <») over what would have been predicted
from an equivalent laminar flame theory.

3) For the case of equal freestream concentrations (B^l
A oo = 1), the rms fluctuation distribution of C across the jet is
calculated to be double-humped, with a minimum value of
(C'2)V2 at the average flame sheet location.

4) The analysis indicates for the chemical laser that the
beneficial performance effects of increased mixing layer
spreading rates, created, say, by an artificial trip, will be
reduced to some degree by increasing scalar fluctuation in-
tensities generated in the mixing region.
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